In this paper we study the perturbations of the charged, dilaton black hole, described by the solution of the low energy limit of the superstring action found by Garfinkle, Horowitz and Strominger. We compute the complex frequencies of the quasi-normal modes of this black hole, and compare the results with those obtained for a Reissner-Nordström and a Schwarzschild black hole. The most remarkable feature which emerges from this study is that the presence of the dilaton breaks the isospectrality of axial and polar perturbations, which characterizes both Schwarzschild and Reissner-Nordström black holes.
solutions of string theory. As a matter of fact, charged black hole solutions coupled to a scalar field, viz a dilaton in this context, can be obtained by the action (we use geometric units throughout)
which, by variations, gives the equations:
where F 2 = F µν F µν is the first Maxwell invariant and a is a non-negative real constant regulating the strength of the coupling between the dilaton and the Maxwell field. This theory has a number of interesting limiting cases. The limit a = 0 corresponds to the ordinary Einstein-Maxwell theory plus a Klein-Gordon scalar field with zero mass. The case a = √ 3 is the four-dimensional reduction of Kaluza-Klein theory. Finally, for a = 1 the action (1) describes the tree-level low energy limit of superstring theory in the so-called Einstein frame. A large class of black hole solutions of this theory in an arbitrary number of dimensions has been found by Gibbons and Maeda [11] . Their results were next specialized to four dimensions by Garfinkle, Horowitz and Strominger [1] (GHS) who studied a solution describing a spherically symmetric, charged, dilaton black hole. In the GHS solution the electric charge and the dilaton are not independent parameters: when the charge is set equal to zero the dilaton also disappears, and the solution reduces to that of a Schwarzschild black hole. In a sense, this is a consequence of the "no-hair theorems" which limits the number of free parameters of a black hole to three.
The equations satisfied by small perturbations of this solution have been derived and studied by Holzhey and Wilczek [13] in the line of the general treatement given by Chandrasekar [12] . They first showed that it is possible to reduce the perturbed equations to five decoupled wave equations with potential barriers, and, as a by-product of their analysis, they argued that the GHS solution is stable under external small perturbations.
In this paper we take a further step in the study the properties of the coupled emission of electromagnetic, scalar and gravitational radiation by such black holes, computing the quasi-normal mode frequencies of the GHS solution.
Comparing the spectrum of the latter with those of Schwarzschild and Reissner-Nordström, we show that the presence of the scalar field breaks the relevant feature of the isospectrality of the axial and polar perturbations.
The paper is organized as follows. In Section 2 we summarize the features of the GHS solution. In Sections 3 and 4 the equations governing the axial and polar perturbations are discussed separately. We shall not derive the axial equations, since there is nothing to add to the derivation made in Ref. [13] . On the other hand, the polar equations will be discussed in greater detail. Some misprints appearing in Ref. [13] are corrected and the explicit expression of the matrix whose eigenvalues are the potentials governing polar perturbations is given in the Appendix. In Section 5 the quasi-normal frequencies of the GHS black hole obtained with an extended WKB approch [16] are calculated for different values of the parameters. Finally, in Section 6 the results obtained are discussed and the main qualitative differences between the spectra of the dilaton and the Reissner Nordström black holes are pointed out.
II. THE EXACT SOLUTION
The exact solution of equations (2)- (4), with a = 1, describing the charged dilaton black hole we study in this paper is [1] 
where M and Q e are, respectively, the black hole mass and electric charge. F tr = Q e /r 2 is the only non-vanishing component of the electromagnetic tensor, and the scalar field is related to the electric charge by the following equation
which shows that φ vanishes at radial infinity. Since the dilaton and the electric charge are coupled through Eq. (6), the Reissner Nördstrom solution cannot be obtained as a limiting case of the metric (5). On the other hand, the Schwarzschild solution is recovered from Eq. (5) by setting Q e = 0. It should be noted that the usual relation between radius and area of the spheres t = const, r = const is obtained in terms of the modified radial variabler
and not of r, by the usual relation A(r) = 4πr 2 . The metric (5) appears to be singular in r = 0, r = Q 2 e /M and r = 2M . The surface r = 2M is an event horizon, whereas on r = Q 2 e /M the curvature scalar
, diverges, showing that there is a curvature singularity. In r = Q 2 e /M , the radial coordinater vanishes and loses its meaning for r < Q 2 e /M . Thus, a physical observer who crosses the event horizon terminates its jurney on the curvature singularity.
In order to avoid naked singularities, in what follows we shall assume that
As shown in Ref. [12] (to be referred to hereafter as MT), the study of the perturbations of the metric (5), can be restricted, without loss of generality, to axisymmetric perturbations only. The appropriate metric in this case is
where, in the unperturbed state,
and (0, 1, 2, 3) stand for (t, ϕ, r, ϑ). We shall assume that, as a consequence of a generic perturbation, the metric functions, the electromagnetic quantities and the scalar field will experience small changes with respect to their unperturbed values
Since the perturbation is assumed to be axisymmetric, all perturbed quantities depend on t, r and θ only. As in MT, it is convenient to project Einstein's and Maxwell's equations onto an orthonormal tetrad frame, and assume that all perturbed functions have the time dependence e iσt . The separation of variables is accomplished by expanding all perturbed tensors in tensorial spherical harmonics. These harmonics belong to two different classes, depending on the way they behave under the angular transformation θ → π − θ and φ → π + φ. Those that transform like (−1) ( +1) are termed axial, those that transform like (−1) ( ) are termed polar. The perturbed equations split into two decoupled sets corresponding to a different parity.
III. THE AXIAL EQUATIONS
The axial equations for ≥ 2 are obtained by perturbing the {12} and {13}-components of the Einstein equations. The separation of variables, can be accomplished by putting
and
where C −1/2 l+1 (ϑ) are the Gegenbauer polynomials. As shown in Ref. [13] , the axial equations can be cast in the following form 
r * is the tortoise coordinate defined by the equation
and µ 2 = ( − 1)( + 2). The radial functions H 1 and H 2 (from now on we omit the index ) are related to the perturbed metric and electromagnetic functions by the following relations
The right hand side of Eq. (9) can be obviously diagonalized by a linear r-independent transformation, in the form
where
Then the system (9) decouples in two wave equations:
where the explicit form of the effective potentials is
Equation (14) shows that when Q e vanishes, L 2 = 0; in this case Z a 2 reduces to the gravitational perturbation and V a 2
to the Regge-Wheeler potential, whereas Z a 1 reduces to the pure electromagnetic perturbation of a Schwarzschild black hole, which is known to be independent of gravitational contributions. If the electromagnetic charge does not vanish, the gravitational and electromagnetic perturbations are coupled; a gravitational wave incident on the potential barriers induces the emission of electromagnetic radiation and viceversa. On the other hand, the dilaton is not dynamically coupled with the axial perturbations. Its effect is that of shaping the effective potentials together with the electric field. In a similar manner, the energy density and the pressure of the matter composing a perturbed star determine the potential barrier of the axial perturbations without being dynamically coupled to the perturbed gravitational field. The = 2 potentials V a 1 and V a 2 are plotted in Fig. ? ? versus the rescaled tortoise coordinate r * /M for different values of the electric charge. We see that they always tend to zero at radial infinity and at the black hole horizon, except when the charge assumes its extremal value Q 2 e = 2M
2 . In this case they take the form of a step, reflecting all waves whose square frequency is lower than their limiting value on the horizon.
We also see that for non extremal black holes the maximum of the barrier moves towards the horizon as the electric charge increases. 
IV. THE POLAR EQUATIONS
The separation of variables for polar equations is accomplished by requiring that the perturbed functions have the angular dependence deriving from the expansion in tensor spherical harmonics:
where P (θ) are the Legendre polinomials. In the following, we shall omit the index in all radial functions. Among the eight radial functions, N , L, T , X, B 02 , B 03 , B 23 and Φ, the function T can be eliminated from the perturbed equations by making use of the relation that follows from the {03}-component of the perturbed Einstein equations
From the polar components of the Maxwell's equations (see MT, Chap. 
The Einstein equations for δR 02 , δR 23 , δG 22 and δR 11 give:
Finally, the perturbed equation for the dilaton is obtained by perturbing eq. (3):
The seventh order linear system composed by equations (18)- (23) has been shown to be reducible to three Schrödinger-like equations by using the following procedure. It is well-known that the order of a system of linear differential equations can be reduced, whenever a particular solution of that system is known. A general algorithm for deriving the particular solution which makes the reduction possible as been obtained by Xanthopulos [14] . Holzhey and Wilczek [13] found that the Xanthopulos solution one gets from the reduction of the polar equations of Schwarzschild and Reissner-Nordström black holes are pure gauge solutions i.e. gauge equivalent to the null perturbation. The general form of the metric (7) has, indeed, a gauge degree of freedom, i.e. there exists a one parameter class of coordinate transformations which leaves the form of the metric unchanged. In the case of the GHS black hole the particular pure gauge solution which reduces the system (18)- (23) is [13] 
Following Holzhey and Wilczek, we now introduce a new variable
and make the following substitutions:
The system is now of order six with respect to the new variables n, x, s, b and p since s does appear through its derivatives only. It is easy to show from Eq. (19) that the first derivative of s can be written as a linear combination of b, x and p as follows Similarly, using (20) and (22), we can eliminate n in favour of x, b, p and their first derivatives. We are now left with only three perturbation variables, x, b and p, governed by three second order equations, namely (21), (18) and (23). In (31), x, b and p have been defined in such a way that their first derivative with respect to r * disappears from the equations they satisfy. Therefore the system has now the desired form
and the components of the symmetric matrix A are complicated functions of r.
It is convenient to cast A in the following form:
where the polinomials D(r), G(r) and P (r) and the matrix T(r) are given in the Appendix, and I is the identity matrix. It is remarkable that the eigenvectors of T(r) and A(r) are independent of r. This means that the system can be decoupled with a basis transformation in the x-b-p space. The three eigenvalues are the potentials of three independent Schrödinger equations:
It should be noted that for Q e = 0 the equations are already decoupled since the off-diagonal terms of A vanish (see Appendix) while, as already pointed out, the GHS solution becomes the Schwarzschild solution. In this case, as expected, we find the well-known potentials that rule pure gravitational, electromagnetic, and massless scalar perturbations on a Schwarzschild background, respectively.
Proving the independence of r of the eigenvectors of T(r) directly, even by means of a symbolic procedure, turns out to be awkward. A straighforward manner is instead to expand the polinomial valued matrix as:
where T (i) are matrices independent of r. It is now very easy to show, for instance with the aid of MATHEMATICA, that the T (i) commute among themselves, so that they can be diagonalized by the same linear transformation. The eigenvalue problem for A(r) is now considerably reduced by means of (35) and (37). In fact, the three potentials can easily be obtained by fixing first the values of the parameters M , Q e and µ, then calculating the eigenvalues of each T (i) , which are now real numbers, and finally summing them up as coefficients of their respective powers of r. The eigenvectors of A(r) are then obtained straighforwardly by means of (35). The three potentials obtained with the above procedure appear in a rather simple form as functions of r only. This fact turns out to be extremely useful, since to calculate the quasinormal frequencies by means of WKB method one needs up to their sixth derivatives. The potentials V p i associated to the wavefunctions Z p i (see Eq. 33) are plotted in Fig. 2 for different values of the charge. As in the axial case, when the charge approaches the extremal value, all potentials assume the form of a step. When Q e → 0, all off-diagonal components of the matrix A vanish, and the system of equations (33) 
V. THE QUASI-NORMAL MODES
We have computed the complex frequencies of the quasi-normal modes associated to the axial and polar wave equation by using a WKB approximation devised by Schutz and Will [15] and extended to higher orders by Iyer and Will [16] . This approach has been applied to the Schwarzchild [17] and Reissner Nordström [18] cases, and for the fundamental quadrupole mode l = 2 agrees with other approaches [19] within 1% both for the real and the immaginary parts of the first 3-4 modes. The agreement improves with increasing angular harmonic and decreasing mode number.
The results of our calculations are shown in table I and II, where we tabulate the real and imaginary part of the frequencies of the first five quasi normal modes associated to the axial and polar potentials, for different values of the harmonic index , and of the charge Q e .
The general behaviour of the quasi-normal frequencies for increasing values of the charge is well described in Figure  3 . There we plot the real and the imaginary part of the first eigenfrequency of the = 2 mode, associated to the potentials V a 2 and V p 1 , as a function of the charge Q e . It should be reminded that in the limit Q e = 0, these potentials reduce to the Regge-Wheeler and to the Zerilli potentials for the axial and polar gravitational perturbations of a Schwarzschild black hole, respectively. It is well known that the axial and polar perturbations of a Schwarzschild black hole is a isospectral, and this is the reason why, in the limit Q e = 0, the axial (V a 2 ) and polar (V p 1 ) frequencies shown in Fig. 3 converge to a unique value. The upper value of Q e /M we consider in our calculations is Q e /M = 1.4, close to the limiting value Q e /M = √ 2, where the potential barrier becomes a step which reflects all incident waves. We see that the real part of the frequency increases as a function of the charge both for a dilaton, and for a Reissner-Nordström black hole; similarly, the imaginary part increases and then decreases to a finite value as the charge approaches the limiting value. Since however since the limiting values are different, the imaginary part for Reissner-Nordström begins to decrease while the corresponding GHS values still increase. Figure 3 , are compared with those of a Reissner-Nordström black hole for l = 2. For Qe = 0 both solutions reduce to Schwarzschild and the lines converge to its first, l = 2, pure gravitational mode σ = 0.373 + 0.089i. For increasing values of the charge Reissner-Nordström frequencies remain isospectral, while GHS frequencies split in two parts, depending on whether they belong to axial or polar modes (see text). Since the extremal value of the charge for a Reissner-Nordström black hole is Qe/M = 1, the data stop at that value.
Finally, in Figure 5 we plot the real and imaginary part of the frequency of the lowest l = 2 quasi-normal mode for the remaining potentials, V
the pure electomagnetic, axial and polar perturbations of a Schwarzschild black hole, respectively, and indeed, they are isospectral in that limit. In the same limit, V p 3 reduces to the potential of the pure scalar perturbations of a Schwarzschild black hole. 
VI. CONCLUDING REMARKS
The spectrum of the quasi-normal modes of a charged, dilaton black hole is different from that of a Schwarzschild or a Reissner-Nordström black hole. For a Schwarzschild black hole the perturbations are completely described by the Regge-Wheeler and the Zerilli equations for the axial and the polar perturbations. Although the analytic form of the two potential barriers is different, they are related by a very simple equation (MT, ch. 5, & 43) which allows them to have the same reflexion and trasmission coefficients. Therefore, since the quasi-normal mode frequencies are the singularities of the scattering amplitude, it follows that the two potentials are isospectral. Thus, a perturbed Scharzschild black hole emits axial and polar gravitational waves at exactly the same frequencies.
For a Reissner-Nordström black hole the perturbed equations can be reduced to four wave equations, two for the axial and two for the polar perturbations, respectively. The four wave-functions Z are again related in such a way that they have the same reflection and trasmission coefficients, and the same is true for V ± 2 . Thus the coupling GW-EM is such that it preseves the isospectrality of the axial and polar perturbations. However there is an important difference with respect to the Schwarzschild case: no quasi-normal mode exists that is purely electromagnetic or gravitational, which means that the excitation of a mode will be accompanied by the simultaneous emission of both gravitational and electromagnetic waves.
For a charged black hole in a theory described by action (1) the situation is different. Let us consider the axial perturbations first. As shown in Section 3, the perturbed equations can be reduced to two wave equations, but the perturbed dilaton does not couple to the electromagnetic and gravitational fields. This is due to the fact that the dilaton is a scalar, and its axial perturbation vanishes. Consequently, the excitation of an axial mode will be accompanied only by the emission of gravitational and electromagnetic waves. However, the dilaton appears in the unperturbed metric functions that determine the shape of the potentials of the axial wave equations. Thus it affects the scattering properties of the axial potentials. It is interesting to note that the real part of the quasi-normal mode frequencies of the axial potential V a 2 are very similar to those of the Reissner-Nordström black hole (see Fig. 4) , even though the dilaton solution does not reduce to the Reisnner-Nordström solution in any limiting case.
On the other hand, the two wave equations which describe the polar perturbations of a Reissner-Nordström black hole, are replaced by three wave equations in the case of a dilaton black hole, and they couple the gravitational, electromagnetic and scalar perturbations. This occurrence breaks the symmetry between axial and polar perturbations, and makes the scattering properties of the two parities different (see Fig. 5 ).
We conclude that for a dilaton black hole the excitation of an axial mode induces the simultaneous emission of gravitational and electromagnetic waves, whereas the excitation of a polar mode is accompanied by the further emission of scalar radiation. In addition, gravitational and electromagnetic polar waves are emitted with frequencies and damping times different from the axial ones.
